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' Abstract. First, we define a generalization of the standard quantum Toda chain inspired by a 

, construction of quantum cohomology of partial flags spaces GL^+i/P, P a parabolic subgroup. 

^ ' Common eigenfunctions of the parabolic quantum Toda chains are generalized Whittaker func- 

tions given by matrix elements of infinite-dimensional representations of qI^^i- For maximal 
CO ■ parabolic subgroups (i.e. for P such that GL^+i/P = P^) we construct two different representa- 

tions of the corresponding parabolic Whittaker functions as correlation functions in topological 
quantum field theories on a two-dimensional disk. In one case the parabolic Whittaker function 
is given by a correlation function in a type A equivariant topological sigma model with the 
target space P^. In the other case the same Whittaker function appears as a correlation func- 
tion in a type B equivariant topological Landau-Ginzburg model related with the type A model 
by mirror symmetry. This note is a continuation of our project of establishing a relation be- 
tween two-dimensional topological field theories (and more generally topological string theories) 
and Archimedean (c»-adic) geometry. From this perspective the existence of two, mirror dual, 
topological field theory representations of the parabolic Whittaker functions provide a quantum 
■ field theory realization of the local Archimedean Langlands duality for Whittaker functions. 

fSJ , The established relation between the Archimedean Langlands duality and mirror symmetry in 

' two-dimensional topological quantum field theories should be considered as a main result of this 

^ i note. 
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Introduction 

In |GL01] . |GL02] we propose two-dimensional topological field theories as a proper framework 
for a description of the Archimedean completion of arithmetic schemes (oo-adic geometry accord- 
ing to [MaP]). In particular, we give a representation of local Archimedean L-factors (we include 
local epsilon-factor in the definition of the L-factors) in terms of two-dimensional topological field 
theories. It is well-known that local L-factors allow two types of constructions - "arithmetic" 
construction based on representation theory of the Weil-Deligne group of the local field and "auto- 
morphic" construction relying on representation theory of reductive groups over local field (see e.g. 
|Bu| . [L] . [AB V| ) . The equivalence of these constructions for various types of L-factors is a subject 
of the local Langlands duality. In an interpretation suggested in |GL01] . |GL02| the "arithmetic" 
construction of local Archimedean L-factors is naturally identified with a type A topological field 
theory description |GL01j in terms of equivariant volumes of spaces of holomorphic maps of a disk 
into complex vector spaces. The "automorphic" construction of the same local L-factors is realized 
using a type B topological field theory via periods of holomorphic forms |GL02| . The Archimedean 
Langlands duality between these two constructions of the local Archimedean L-factors appears as 
a mirror duality between underlying type A and type B topological sigma models. 
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The duality between two constructions of L-factors can be extended to a duality between two 
constructions of the Whittaker functions. In the non- Archimedean case this duality manifests in 
the existence of the Shintani-Casselman-Shalika (SCS) formula |Sh| . |CS| for the non- Archimedean 
Whittaker functions along with a standard realization of the Whittaker functions as matrix elements 
of representations of reductive groups G over local non- Archimedean fields. According to |Sh| . |CS| 
the non- Archimedean Whittaker functions can be identified with characters of finite-dimensional 
representations of Langlands dual groups ^G. In [GLQ4| we propose a g-version of the classical 
SCS formula providing a g-version of the Langlands duality pattern for the g-deformed Whittaker 
functions. In appropriate limit the g-version of SCS formula reduces to the non- Archimedean one. 
The limiting case provides an Archimedean analog of the results of [Sh], [CS]. This leads to an 
explicit realization of the Langlands duality pattern for the Archimedean Whittaker functions. 

In this note the approach of [GL01| , |GL02] to a construction of local Archimedean L-factors 
in terms of topological field theories is generalized to a class of Whittaker functions introduced be- 
low. Recall that standard g[£_(_i-Whittaker functions are common eigenfunctions of quantum gl^+i- 
Toda chain Hamiltonians and according to [Gi3] appear in a description of x i/^+i-equivariant 
Gromov-Witten invariants of complete flag spaces GL£^i(C)/B, B a Borel subgroup. In the first 
part of this note we introduce a class of generalized g Whittaker functions associated with a 
parabolic subgroup P C GL£^m{C). We conjecture that a P-parabolic gl^,,.^- Whittaker function 
describes 5*^ x [Z^+m-equivariant Gromov-Witten invariants of the partial flag space G-L£_|_m(C)/P. 
The parabolic gl^,,.^- Whittaker functions are common eigenfunctions of quantum Hamiltonians of 
generalized quantum Toda chain. We explicitly check, in the case of G-L£+m(C)/P = Gr{m,i + m), 
that the corresponding Toda chain recovers Astashkevich-Sadov-Kim description [ASj . [K] of quan- 
tum cohomology of Grassmannian Gr(m,^ + m). In the case m = 1 we explicitly verify that 
the corresponding parabolic Whittaker functions describe equivariant quantum cohomology of 
Gr(l,£ + 1) =P^ 

In the second part of this note we propose two representations of the parabolic Whittaker 
functions associated with maximal parabolic subgroup P (i.e. such that GL£^i{C)/P = P^) as 
correlation functions in two-dimensional topological fields theories on a disk. The first representa- 
tion ( see Theorem 12. ip is given in terms of an equivariant type A topological sigma model with a 
target space and provides an integral representation of the parabolic Whittaker function of the 
Mellin-Barnes type. In this representation, the Whittaker function arises as an equivariant volume 
of a space of holomorphic maps of the disk into projective space P^ and thus, following [GLQl] . 
shall be considered as an "arithmetic" construction of the parabolic Whittaker function. This rep- 
resentation provides an Archimedean analog of SCS formula [Sh] . |CSj for the parabolic Whittaker 
functions. The second representation is given in terms of a type B topological Landau-Ginzburg 
model on a disk with a target space C^"*"^ supplied with appropriate superpotential (see Theorem 
13. ip . In this description the parabolic Whittaker function is given by a holomorphic period [Gi2 j . In 
contrast with the type A model representation the correlation functions in B model can be reduced 
to certain finite-dimensional integrals with simple integrands. Thus obtained finite-dimensional in- 
tegral representation naturally arises in a matrix element interpretation of the Whittaker function 
according to [GKLOj. Hence, in analogy with [GLQ2| . the type B topological field theory represen- 
tation shall be considered as an "automorphic" /representation theory construction of the parabolic 
Whittaker functions. The discussed type A and type B topological quantum field theories are re- 
lated by mirror transformation. This leads to interpretation of the Archimedean Langlands duality 
between "arithmetic" and "automorphic" constructions of the parabolic Whittaker functions as a 
mirror duality between underlying topological field theories. 

Finally let us note that the results of this note can be generalized to the case of general parabolic 
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Whittaker functions. For a general parabolic subgroup, the corresponding parabolic version of the 
quantum 3[£_,_^-Toda chain provides a new interesting example of a quantum integrable system 
and will be considered elsewhere. One should also stress that explicit calculations of correlation 
functions in topological field theories on non-compact manifolds is an interesting subject by itself 
and undoubtedly deserves further attention. According to the standard lore boundary conditions 
in topological field theories encode geometry of topological branes in a target space. It would be 
interesting to compare the choice of the boundary conditions used in this note with an equivariant 
generalization of the standard brane boundary conditions. We are going to clarify this relation 
elsewhere. 

The plan of the paper is as follows. In Section 1 we introduce parabolic generalizations of 
the standard Whittaker function as particular matrix elements of infinite-dimensional rep- 

resentations of Lie algebra flt^+m- Section 2 we construct a representation of the parabolic 
0l^_)_^-Whittaker functions associated with a maximal parabolic subgroup as correlation functions 
of a type A topological sigma model on a disk with a target space P^. In Section 3 we provide 
a mirror dual representation of the same Whittaker function as a correlation function in a type 
B topological Landau-Ginzburg model on a disk. In Section 4 we give a heuristic derivation of 
the result of Sections 2 and 3. In Section 5 we discuss directions of further research. Finally in 
Appendixes the proofs and some technical results are given. 

Acknowledgments: The research was supported by Grant RFBR-09-01-93108-NCNIL-a. The 
research of AG was also partly supported by Science Foundation Ireland grant and the research 
of SO was partially supported by Deligne's 2004 Balzano prize in Mathematics. The authors are 
thankful to Max-Planck-Institut fiir Mathematik in Bonn for hospitality and excellent working 
conditions. 

1 Parabolic Whittaker functions 

In this Section we introduce a generalization of g Whittaker functions associated with a 
parabolic subgroup P C GLi^rn{C). The standard gl^^.^- Whittaker functions are associated with 
Borel subgroups B C GL£+m(C) and are common eigenvalues of quantum g[£_|_^-Toda chain Hamil- 
tonians (for standard facts on quantum Toda chains see e.g. |STSj ). The classical Whittaker func- 
tions are relevant to a description of (equivariant) Gromov-Witten invariants of flag spaces G/B 
|Gi3j . The parabolic generalizations of Whittaker functions introduced below are common eigen- 
values of generalized quantum Toda chains defined below. In the next Sections we demonstrate 
that the parabolic Whittaker functions describe equivariant Gromov-Witten invariants of partial 
flag spaces. In this Section we restrict considerations to the case of the parabolic subgroup Pm,e+m 
such that GL£^rn{C) / Pm/+m = Gr{m,i + m) and refer to the corresponding Whittaker functions 
as (m, ^ + m)-Whittaker functions. The general case follows basically the same pattern and will be 
treated elsewhere. 

First we recall the representation theory construction of the standard g[£_|_;^-Whittaker functions. 
Let Eij, i,j = 1, ... £ + 1 be the standard basis of the Lie algebra gl^+i. Let Z{Uq[^^i) C UqI^j^i 
be the center of the universal enveloping algebra Ugi^^i. Let B± C G-L^_|_i(C) be upper-triangular 
and lower-triangular Borel subgroups and N± C B± be upper-triangular and lower-triangular 
unipotent subgroups. We denote b± = Lie(i?-|-) and n± = Lie(A'^-i-) their Lie algebras. Let C 
gl^+i be a diagonal Cartan subalgebra and Sg+i be the associated Weyl group of GL^+i. Using 
the Harish-Chandra isomorphism of Z(UQi^_^_i) with the Weyl group invariant subalgebra of the 
symmetric algebra of the Cartan subalgebra f) we identify central characters with homomorphisms 
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c : C[hi, • • • , — )• C of an algebra of S'^+i-invariant polynomials of the generators of f) into 
complex numbers. Let vr^ : Uq[i_^i — )• End(VA), Va = Ind^^'^^^ be a family of principal series 
representations oiUQif^^i induced from one-dimensional representations of Z^b_ such that images of 
the symmetric polynomials of hi are symmetric polynomials of \j € C, A = (Ai, • • • , A^+i) G C^"*""^. 
Let be a dual module supplied with induced action of U^f^^^ (universal enveloping algebra of 
Q^T+i obtained by inverting the signs of the structure constants of fll^+i). Denote ( , ) the pairing 
between and Va- We suppose that the action of the Cartan subalgebra ^ in representation Va 
can be integrated to the action of the corresponding Cartan subgroup H C GL£_|_i(C). 

According to Kostant the 0[^_|_i-Whittaker function can be defined as a matrix element 

*a(^i,...,x,+i) = e-''(^)(V^LKA(e-S-i"^^-)IV'i?>, (1-1) 

where the vectors (V'lI ^^'x s-iicl \il^Pi) G Va provide one-dimensional representations of and 
correspondingly 

= -(V'lI, ^i.i+ilV'i?) = IV'h), i = l,...4 (L2) 

and pr = (l/2)(£+2— 2A:), fc = 1, . . . , £+1 are the components of the vector p in M^"*"^. The standard 
considerations (see e.g. |STS| ) show that the matrix element (11.11) is a common eigenfunction 
of a family of commuting differential operators descending from the action of the generators of 
Z{UqI£_^_i) in Va. These differential operators can be identified with quantum Hamiltonians of 
gl^^^-Toda chain. 

Below we propose a generalization of the g[£_|_^-Whittaker functions (jl.ip (for convenience we 
slightly change notations replacing i+1 by i+m). Let Pm/+m be a parabolic subgroup of GL£+m(C) 
such that the corresponding Levi factor is GLm{C) x GLi{C). The corresponding partial flag 
space GLi^rn{C) / Pm/+m IS isomorphic to Grassmannian Gi{m,i + m). The associated Whittaker 
function is then defined as the following matrix element of the principle series representation Va = 

Ind^^^''^!'"''. Let us associate with Pm,e+m a decomposition of the Borel subalgebra 6+ C Qie+m 

with the commutative subalgebra (^(™'^+™') b+ generated by 

Hi = Ell + . . . + Emm ; Hk = Ei^k, 2 < k < m; 

Hm+k = Em+k,e+m, 1 < k < i — 1 ; Hi^m = Em+l,m+l + . . . + E£^m,£+m , 

and the subalgebra ,^(^'^+™) C b-f- given by 

(m,£+in) _ / rp . p . p 

(1+ — \-t^l,e+m, -C/l,m+l, ^ni,e+m, 

(1-4) 

Ekk,2 <k <£ + m-l; Ejj+i, 2<j<£ + m-2). 

Note that dim{)("'^+™) = rank 0[^+„ = £ + m and dim nj"' '^^"'^ = (i + m){i + m - l)/2. Let 
j^{m/+m) j\^(rn,i+m) -j^.^ groups Corresponding to the Lie algebras f)('">^+™) and xi;^'^~^"^\ 

An open part GLi^m of GLg^m allows the following analog of the Gauss decomposition: 

GLe+m = iv|'"''+'"). (1.5) 



:i.3) 
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Definition 1.1 The Whittaker vectors {ipil S V^, \^r) G Va are defined by the following condi- 
tions: 

{i^L\En+i,n = fi-\iljL\, i<n<e + m-l, (1.6) 

Ekk\ipR) = 0, 2<k<£ + m-l; 

Ek,k+i\i'R) = 0, 2<k<£ + m-2; 

El,m+l\i^R) = Em,e+m\^R) = 0; 



(1.7) 



1, 



R) 



where e{i, m) is an integer number and ^ G M. 

Here, in comparison with ()1.2p . we introduce additional parameter h to make a contact with the 
results of other Sections ( (jl.2p corresponds to h = 1). Note that the equations ()1.6p define a 
one-dimensional representation {ipil of the Lie algebra n_ of strictly lower-triangular matrices and 
the equations (jl.7p define a one-dimensional representation of xi^^'^^"^\ 

Definition 1.2 The {m, i + m)- Whittaker function associated with the principal series representa- 
tion (vta, Va) is defined as the following matrix element: 

= e-''i(-i--^+™)(V'i|7rA(5(x))|Vi?) , (1.8) 

where the left and right vectors solve the equations (II. 6j) and (II. 7p respectively and pi = {i+m—l)/2. 
Here g{x) is a Cartan group valued function given by 

e+m 

g{x) = exp I - ^ XiHi^ , (1.9) 

i=l 

where the generators Hi, z = 1, ...,(-£ + m) are defined by (II. 3p . 

Similar to the classical Whittaker functions (m, i + m)-parabolic Whittaker functions are naturally 
common eigenfunctions of a family of commuting differential operators. Let us define a set of 
mutually commuting differential operators ^(™'^+'")^ = 1, • • • , {£ + in) by the following conditions 

= h'^e-''^(^^-^^^-\^PL\7T,{Ckgix))\^PR), (1.10) 

where Ck G Z{Ugii_^_^) is a Casimir element of the center acting in Va by multiplication on k-th. 
elementary symmetric polynomial c7fc(A) of the variables Aj, i = !,...,{£ + m). Thus, Whittaker 
function ^~^'^\x) tautologically satisfy the following system of differential equations 

^f''+"^(x,a.)-M/f''+")(x) = a,(A)4"^'^+")(x), fc = l,...,(£ + m), (Lll) 

Remark 1.1 The set of mutually commuting differential operators 'H^'^~^"^\ k = !,...,{£ + m) 
defines a quantum integrable system generalizing the standard quantum gl£_^_^-Toda chain. The 

Whittaker functions ^'^'"'^^™^(x) provide a solution of the corresponding eigenfunction problem. 
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For the first two lowest degree differential operators ^("^'^+™)^ j^(jn,£+m) j-^^ve 

e+m e+m l+m 

Ci = Y. C2 = Y1 {EnE,, - E,,E,,) - J2 PjEn + <T2{p) , (1.12) 

j=l i<j j=l 

where p = (pi, . . . , pe+m) with pk = :^±^ii - k, k = 1,... ,i + m and a2{p) = Yji<jPiPj- These 
operators act in the representation V\ via multiplication on 

o"i(A) = X] -^J' ^2 (A) = ^ AjAj . 

j=l l<i<i<l+m 

The explicit form of the differential operators "Hi, "^2 corresponding to Ci and C2 is as follows. 
Proposition 1.1 The following differential operators satisfy the equations (jl.lOp 

,{m/+m), ^ ^9 ^ d 



9xi ' 

k=2 2<k<a 
Q2 ^ 52 



m Q £—1 Q 

- X] ~ Pk)Xk-K X](l + Pm+n)Xm+n-K \ 

k=2 "^'^ n=l OXm+nJ 

+ h\{l- (5m, 1)7^ (1 - '^£,1)^ h Xfc- Xm+n+l-^ \ 

^ 0X2 dXi+rn-l ^ OXk+l ^ aX„^+„J 

+ (-l)^^- i+^(^'")(xm)i-^™- 1 (xm+i)!-^^' ie"i-"^+- - + m - 1)(£ + m - 2)(£ + m - 3) . 

Proof. The case of ^('"'^+™) trivial and the proof of the expression for ^(™''^+™') given in 
Appendix A. □ 

Corollary 1.1 The {m^ l + m) -parabolic Whittaker function <\1.8\i satisfies the following equations: 

e+m 

e+m 

9,) M'f = ^ A,A,- M/f (1.14) 

i<j 

where 'H^^'^~^"^\x,dx) and 'H'^'^^"^\x , dx) are given by ()1.13p . 



(1.13) 



Example 1.1 For m = 1 the quadratic Hamiltonian (|1.13p has the following form: 
-^(1.^+1) ^ I y^Xkh"^- — ^ XkXah"^^-^ y^(pk + l)xkfi^-^ 



k=2 ^ 2<k<a k=2 

For £ = 1 i/ie quadratic Hamiltonian reads as follows: 



^(m,m+i) ^ — ^ ^ y^x^fji — XkXah^^ — ^ V'Cl - Pfe)a::fc^^^ 

^xiSxm+i ^ dxidxk 2<k<a dxkdxa ^ ax 

■m— 1 



(1.16) 



We conjecture that (m,^ + m)-parabolic Whittaker functions describe equivariant Gromov- 
Witten invariants of the Grassmannian Gr(r?T,,^ + m) = G L £^i{C) / Pm,i+m thus generalizing the 
Givental description |Gi3j of x f/^+i-equivariant Gromov-Witten invariants of the complete flag 
spaces GLi^i{C)/B. We support our conjecture by matching it with a description of quantum 
cohomology of Gr(m,£ + m) due to Astashkevich-Sadov-Kim [ASj , p^]. To establish a relation with 
|ASj . [K] let us define a quantum £-operator associated with the quantum integrable system (jl.lOp 
as a matrix-valued differential operator satisfying the relation 

i+i 

£(x,5,)e-''i("i-"^+-)(V'L|vrA(5(x))|Vi?,> ^^Y. e,,e-P'^^'-^'+^^ {i^LMEi, g{x))\i;n) , (1.17) 

where {eij)kn = ^ik^jn, hjik,n = !,...,(£ + m) are matrix unites. 

Proposition 1.2 The matrix C = \\Cij\\ of the quantum L-operator ()1.17p is given by 

Cj+ij = 1, l<j<£ + m — 1; 

Cj+s,j = 0, l<j <i + m-l, 2<s<i + m-j; 

£ii = -hdx^ - h h '^Xkhdx^ ; Ci^k = -^dx^ ■, 2<k<m; 

k=2 

Ck,k+j = -Xkhdx^^j , 2<k<m, 0<j<m-k; 

= -(-l)^(^'"^)x™+,-e"i-^^+- , 1 < J < ^ - 1 ; 

Cij+m = (_l)^(^'-)e-i-^+™ ; (1.18) 
£k,m+j = -(-l)'(^''")xfcX„+je^-i-^+™ , 2<k<m, l<j<i-l; 

Ck,i+m = (-l)^(^'™)xfce"i-"*+- , 2<k<m- 

C.m+n,l+ni = —hdx^+„ , 1 < n < £ — 1 ] 

Cm+n,m+n+j = Xm+n+jhdx^+„ , 1 < n < £ - 2, 0<j<£-n-l; 

^£+m,i+m = -^dx,,^^ + h ^ Xm+k'hdx^+t, ■ 

k=l 
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Proof. The proof is given in Appendix B. □ 

The classical limit L of the operator (jl.lTp is defined by replacing derivatives by the classical 
momenta — — ^ Pj and taking the limit — )• 0. Let us specialize the resulting matrix function 
L{xi, . . . Xi+rn] Pi, ■ ■ ■ ,P£+m) by taking X2 = ■ ■ ■ = Xi+m-i = 0. This way we obtain the matrix 
L = \\Lij\\ with the following entries 

Lj-^-ij = 1, l<j<i + m— 1; 

Li,k = Pk, 1< k<m; 

(1.19) 

Lm+n,£+m — Pm+n ; \ < TL < I] 

L,j+m = (-l)^(^'™)e^i--^+'" . 

It is easy to verify that thus defined matrix L = \\Lij\\ coincides (up to a conjugation by a simple 
matrix) with the matrix entering a description of small quantum cohomology of Gr(m,i + m) |AS] . 
[K]. This supports the conjecture that (m,£ + m)-Whittaker functions are relevant to a description 
of X t/^+m-equivariant quantum cohomology of Gr(m,^ + m). 

In the rest of the note we will consider only the case of m = 1 and arbitrary £. In this case the 
conjectural relation between solutions of the generalized Toda chain given by + 1)-Whittaker 
functions and x f/^+m-equivariant Gromov-Witten invariants of = GL^+i/Pi^^+i can be 
proved as follows. For m = 1 there is a well-known description of x C/^+i-equivariant quantum 
cohomology of Gr(l, 1) = in terms of the functions given by the following integral expressions 
(see e.g. [Gi2j ) . Let us introduce a modified F- function 



ri{z\uj) =uj^T{-). (1.20) 

id 



Then 



•^<^j=i \ \j=i j=i j=i J J 

=^nL. "f'-'^nri ('«->.)!"). (1.22) 



satisfies the differential equation 



\{{-hd^-\j)-e^\^x{x) = Q. (1.23) 

Here e > max{Xj) j = 1, . . . ,^ + 1 and C is a slightly deformed subspace C making the 
integral (|1.2ip convergent. For i = 1 the function (jl.2ip is the classical 0[2-Whittaker function. 

Theorem 1.1 The (1,^+ 1)- parabolic Whittaker function specialized to x = xi and Xi = 0, i ^ 1 
and for e{l, l+l) = ^^^-^^^l coincides with the generating function (ll.2ip of xUi+i-equivariant 
quantum cohomology o/P^. That is 



••• 0) 

A 27rh 



where A G IR^+-'^ and e > max{Xj), j = 1, ...,£ + 1. 
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Proof. The proof is given in Appendix C. □ 



The integral representation (jl.22p arises naturally when the matrix element (jl.Sp for m = 1 is 
represented by using the Gelfand-Zetlin realizations of the infinite-dimensional representations of 
UqI^^i |GKLj (similar relation holds for the integral representation (|1.21|) and the representation 
of U^lf^j^i constructed in |GKLOj ). Note that one has an obvious symmetry Gr(m,^ + m) = 
Gr(^,^ + m). The compatibility of our conjecture with this isomorphism is explicitly checked for 
m = 1, i = 2 in Appendix D. 

In the next Sections we propose an identification of the generating functions given by the 
integral representations (|1.22p . (|1.2ip with particular correlation functions in type A and type B 
equivariant two-dimensional topological sigma models on a disk. 



2 Type A topological sigma model with a target space 

In this Section we define a class of correlation functions in x f/^^^i-equivariant type A topological 
sigma model on a disk with a target space and calculate the correlation functions explicitly. The 
resulting expressions coincide with the integrals (jl.2ip . This provides an infinite-dimensional inte- 
gral representations of (1, ^-|-1)-Whittaker functions (II. 8p in terms of topological type A equivariant 
sigma models on a disk. 



2.1 Topological gauged linear sigma model 

We start recalling a gauge linear sigma model realization of the sigma-model with the target 
space (see e.g. |W3| . [MP| ). Consider a type A topological linear sigma model on a Riemann 
surface S with the target space C^"*"^. Let {z,z) be local complex coordinates on S. We pick 
a Hermitian metric h on T, and denote \fh(9'z the corresponding measure on S. The complex 
structure defines a decomposition d = d + d = dz dz, d = dz dz oi the de Rham differential d 
acting on differential forms on S. Let K and K be canonical and anti-canonical bundles over S. 
Let TcC^"*"^ = j'l'Oc^+i ©T^'^C^"*""^ be a decomposition of the (trivial) complexified tangent bundle 
to C^+^ induced by a standard complex structure on C^"^^. We denote linear complex coordinates 
on C^^^ by {ip^,(p^). Consider a two-dimensional topological quantum filed theory based in the 
maps <I> : S — ?• C^^^ with the action functional 

S = J d'^zVhSoV = J d^z h'~'Vh ^ (tF^zFi + iH^z^^ - ^HdzV^ + ^V'l dzX^ - i^^i dzX^) , 

where 

V = j^^^i + id-z^) + 4{\n - idz^)), 

and BRST transformations are given by 

5o^ = x', W = 0, 5o4 = Fi, SoFi = 0, (2.2) 



6o^'=x', 6ox' = 0, 6o4z = Fi, <5oFi = 0. 

Here the commuting fields F and F are sections of ir(g)$*(T°'^C^+^) and of K^^*{T^'^C^^^) corre- 
spondingly. The anticommuting fields X; X s-^e sections of the bundles <I>*(nT^'''C^^^), <I>*(nT'^'^C^+^) 
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and anticommuting fields ■0, ip are sections of the bundles (g) $*(nr°'^C^+^), K(g)<I>*(nr^'°C^+^). 
By US we denote a vector bundle £ with a reversed parity of the fibres. The action (12. ID is 
(5o-invariant. 

A gauged linear sigma model description of the sigma model with the target space is based 
on the representation of the projective space as a Hamiltonian quotient of C^+^. Let us supply 
C^^^ with a symplectic structure 

i+i 

n = ^Y, d'P^ ^ ■ (2-3) 

The following action of Ui: 

^^e'""^, e*"GC/(l) (2.4) 
is Hamiltonian and the corresponding momentum i.e. a solution of the equation 

i^Q. = 

is given by 

^^{^,v>) = -l{YW'?■ (2.5) 

The projective space P^ has the following representation as the Hamiltonian quotient: 

P^ = {M</','^)+rV2 = 0}/C/(l). 

where the value r^/2 of the momentum ^ defines a Kahler class of P^. 

The interpretation of the projective space as a Hamiltonian reduction allows to describe topo- 
logical non-linear two-dimensional sigma model with the target space in terms of a linear sigma 
model with the target space C^"*"^ and gauged C/i-symmetry (j2.4p . Topological Ui gauge theory can 
be constructed using the following three sets of fields {A, A, a), (6, ry), (^, H) where A is a connection 
in L'^i-bundle, ^ is an odd one-form, o", 6, H are real even zero forms and ^,r] are real odd zero 
forms. Define the topological BRST transformations as follows 

5gA = \ 5g\ = -Ida, (5g cr = 0, (2.6) 

5gh = r], ^gr/ = 0, Sg^ = H, 6gH = 0. 
Note that 6g acts as a gauge transformation with the gauge parameter a e.g. 

6lA = -Ida, 5g A = 0, (5| = 0. (2.7) 

The space of functional of the fields {A, A, a) supplied with the action of 5g can be considered as a 
model for the ^-equivariant de Rham complex on the space of connections on a Riemann surface S. 
In the following we consider the gauge multiplet {A,X,a) interacting with the fields (6, ry), {£,,H) 
and with the fields entering the action ()2.ip . The gauge theory generalization 5g of the BRST 
transformation (12.211 acts as follows 



Sg^ = X', ^gX' = -icrLp>, dgijjl = Fi, 6gFi = -tatpl, (2. 
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Let *dz = idz and *dz = —idz be the Hodge star operators. A topological C/i-gauged linear sigma 
model is described by the following action 



(2.9) 



S = — I d^zVh5gV = 
^ ^ d\ Vhh''{-HF,,{A) + dzX, (e - iv) - d-zK (e + ^V) - ^bdzd.a) 

+— [ d^z Vhh'~'{tFiFi + tFiid, - A^)^ - tFiid^ - A^)^ + iti){a^{ 

i=i 

j=l j=l j=l 

where Fzz{A) = dzAz — dzAz and 

V = ^h'\-CFz-z{A) - lb (dzX-z + d-zXz)) + 4{^Fi - i{dz - AzW) + iAi^Fi + i(d-z - AzW) 



, , ,^ ^ . ^J-J^ 

^ i=i j=i 



A relation of (|2.9p (for a generic coupling constant e^) with the standard sigma model is illus- 
trated in Appendix F. Let us note that a variation of the coupling constants and t leads to a 
change of the action (]2.9p on a 5g-exact term. Thus, according to the standard considerations, the 
dependence of correlation functions of Jg-closed operators on and t is given only by the boundary 
contributions of the space of fields. In many cases these boundary contributions are zero and the 
correlation functions are e^- and t- independent. In the following we make calculations at particular 
values of the coupling constants and t and will not consider the issue of the coupling constant 
independence. 

Now we consider x f/^+i-equivariant version of the theory (j2.9p on a Riemann surface S 
allowing isometry S^. The action of C/£+i is induced from a linear action on the target space 
and the action of 5^ is induced by S'^-isometry of S. To simplify notations we consider equivariance 
with respect to a maximal abelian subgroup U^~^^ C C/^+i and will work with functions invariant 
with respect to the permutation group S^^i (i.e. Weyl group of t/^+i). Let h and aj, j = 1, . . . , (i+l) 
be generators of abelian Lie algebras Lie(S'^) and Lie(?7;f'''^). Correlation functions of 5^ x C/^+i- 
equivariant extension of the topological field theory (j2.9p now take values in the space of functions 
of h and (Tj, j = 1, . . . {i + 1) invariant with respect to permutations of aj. 

To construct an x C/^+i-equivariant version of type A topological linear sigma model define 
X f7-f~''^-equivariant generalization of the BRST transformations (12. Sp . (12. 6p as follows: 

V = X^ Sx^ = + (^)^^ + hC^,ip^), 5^ = F^, SF^ = -{z{aj + + ^^v^i^^), 
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5A = X, 5\ = -ida + M{iy^A) + hiy^F[A), 5a = Q, (2.10) 

5b = r], 5r] = hLy^^db, 5^ = H, 5H = hiy^^d^, 

where vq = i {z-^ — and £^,0 = Ly^d + diy^^. Note that the transformation rules (j2.10p are 
not explicitly gauge-invariant (this is related with the fact that the gauge group Q and 5^ do not 
commute) . 

A S*^ X [/^"''^-equivariant version of the topological gauged linear sigma model (12. 9|) (for t = 0) 
is then given by 

Seq = ^ I d^zVh52V 



27r 



s 



^ ^ d^z ^/hh''ii-HF,,{A) + (A A d0z2 + (A A *drj),, -t{db A *da),,- (2.11) 
hbd * {l,,A + i,,F{A)),,) + 1-j^dh Vhh'\iFi{d-, - A^)^ - iFiid, - A,)^ 



+b^{2x^X^ + 2t{a + (Tj)\ip^\'^ + h(p>iy^{d - A)ip> - hip> iy^{d - A)^)+ 

^(Ei^i'-^')-f(E^''^''+^v)), 

i=i i=i 



where Fzz{A) = dzAz — dzAz and 



V = \h''{-^Fz-z{A) +b{d* X)zz) - i4{dz - AzW + i^l{d-z - AzW 



i=i j=i 

2.2 Calculations in type A topological sigma model on a disk 

Now we calculate a particular correlation function in a topological field theory with the action 
(j2.1ip on a disk S = D = {z S C | < 1} with the coupling constant — )• 0. We chose a 
flat metric d'^s = \dz\'^ on the disk D invariant with respect to the standard action of the rotation 
group 5^ generated by the vector field 

The following boundary conditions on = dD are imposed: 

Ae\s^ = 0, Aelcji = 0, de(j\si = 0, (2.12) 
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dgb\si = 0, de^y = 0, derjls^ = 0. (2.13) 

We also consider a restricted gauge group 

go = {ge Map(D, Ui)\ g\si = const}. (2.14) 

It is easy to see that the deformed action ()2.1ip and the boundary conditions are compatible with 
the gauge symmetry Qq and BRST transformations (I2.10p . For example, we have 

5Ae = X0, 5 Xg = dea + hdeAe, 

and restriction of the variations to the boundary = dD gives 

5 A0\si = Ael^i =0, 5 \g\si = decF\s^ + hdgAe\si = 0. 

This verifies the compatibility of the boundary conditions ()2.12p and BRST transformations for 
the gauge multiplet. Similarly, under infinitesimal gauge transformations we have 

5aAQ\si = dea\si + ^el^i = 0^ « ^ Lie(^o), 

and thus the boundary conditions ()2.12p are compatible with gauge invariance with respect to 
group (j2.14p . We define a metric on the space of fields using the standard quadratic form on the 
tensor fields on D. 

Proposition 2.1 A functional integral over fields on the disk with the action (j2.1ip at — t- has 

an asymptotic given by a functional integral with the effective action on the boundary dD = 



^eff = ^ jd9{j2\^{et-r^) - ^ jdd Y.[(fP{e)x\e) + ^^{e)x^{e) 



■? = i 

l>+l 











Here in the functional integral over f^{z), {^) being even and odd holomorphic functions on D, 
(Jo and bo being even variables, cii^d rjo being odd variables. The measure on the space of ip^ {z) 
and x^{z) induced from the standard pairing of functions on D with the metric d'^s = \dz\'^ . 

Proof. We will need an asymptotic at e'^ — )■ of the various integrals. Given a function F{e, y) of 
the coupling constant e and a variable y such that at — )• the leading asymptotic is given by 
F{y, e) = Q{e)fo{y) + • • • we call /o(y) a leading term and denote it by [F{e, y)]o- 

Consider first an asymptotic of an integral over H. We have the following identity: 
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where Hq is a constant mode of H and Fi{H) is an arbitrary e^-independent function of H such 
that the left hand side of the identity is defined. Now let us find an asymptotic of the following 
integral 

Zr, = j DhDaJi^^^'^^''*^''^^^^^''^\ (2.16) 
where J-{(j) is a e^-independent function of a. Consider a quadratic form 

(/,/) = / df^*df, (2.17) 



D 

on the space of functions such that dQf\gi^Q£) = 0. We have the following obvious exact sequence 

^ Funo{D) Fun{D) Fun{S^) 0, 

where Fun{D) is the space of functions on the disk, FunQ{D) is the subspace of functions taking 
zero values on the boundary = dD and Fun{S^) is a space of functions on the boundary. Then 
the orthogonal complement FunQ{D) to the space Funo{D) with respect to the quadratic form 
(j2.17p is given by the space of harmonic functions A/ = 0. Due to the constraint dgflgi^gi^ = 
the space FuriQ{D) consists of constant functions. Taking into account that the quadratic form 
()2.17p is non-degenerate on FunQ[D) we infer that the following asymptotic for (j2.16p holds 



where ho and ctq are constant modes of h and a. 

By construction the functional integral with the action ()2.1ip is invariant with respect to the 
gauge group Qq defined by (j2.14p . We fix the gauge symmetry using a gauge fixing condition 
d * A = {). In the case of abelian gauge group the introduction of Faddeev-Popov ghosts is not 
necessary. Integration over H implies a constraint F{A) = dA = 0. The gauge fixing condition for 
the gauge group (j2.14p implies that the residual gauge symmetry group is a subgroup of constant 
gauge transformations. Therefore one can take ^ = and the effective action functional is given 
by 

^eff = ^ y" d^z I ^ (A A di)z-z + (A A *dri),2 



+ 



iHq ^"^^ li^^'^ ■ ■ . . (2.18) 

j=l j=l j=l 

l+l 

+ boY^ [2x^X^ + 2<ao + aj)b^f + i^,^d^ - i^^^d^)\^ } . 
i=i 

The integration over F and F gives the constraints 

= 0, = 0. 
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The solutions of the constraints are given by holomorphic functions 

From now on ip^ wiU denote holomorphic functions. Now consider an asymptotic of the integrals 
over odd variables 

= J DXD^Dije^^^-^^'"^^-^^''*'^''^^^'^'^'^^\ (2.19) 

where 7^3(1],^) is independent of e. Let us combine two zero forms ^ and rj into a one form 

p = + *dr]. 

Taking integral over A in (j2.19p we obtain the following asymptotic in the limit — >• 0: 

(^j DXDiDr^J^-i'^'"^^-^^''*'^'^^^^^ = det'{d*d)6{p). (2.20) 

We have 

and thus solutions of the equation p = are given by holomorphic functions F{z) = — iij. 
This implies that the functions rj are harmonic. Taking into account the boundary conditions 
deC^S^ = deVl\s^ = 0) the functional integration over ^ and rj reduces to the integration over constant 
modes ^0 and t/q- 

Now integration over ^2 and iIj^ provides constraints 

d-zX' = 0, d,x' = 0, 
solved by holomorphic functions X''{^)'- 



X^=X^iz), X^=X^{z)- 

From now on x' will denote holomorphic functions. Combining all ingredients together we obtain 
the following functional integral: 

diodm dHo dbodao [D^^^] [D\^] e"^^« 
with 



i+i ^ 2?" £+1 



Ses = ^ lde[^\^{e)\'-r') - ^ Jde ^ {e)x' (d) + ^ {e)xHo) 



•?=i j=i 

2.211 



^ 
i+i 
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where ^^{0), xH^) restrictions on = dD of even and odd holomorphic functions ^•'{z), X'^i^)- 
Here we make a change of variables 

^n^^ Xi ^ (2-22) 
n + 1 n + 1 

in the expansions of f-'{z) and X'' 

oo oo 

^{z) = ^^^z-, xKz)=Y^x^^z-. 



This change of variables converts the integrals of the product of the holomorphic and antiholomor- 
phic functions over the disk D into integrals over the boundary . By the standard properties of 
the canonical integration measure on super-manifold M^l-^ the Jacobian of the change of variables 
(j2.22p is trivial. The resulting functional integral with the action ()2.2ip coincides with the one 
defined by (I2T3D . □ 

Theorem 2.1 The junctional integral in x U^^j^i-equivariant topological sigma model with the 
deformed action (|2.15|) has the following finite- dimensional integral representation 



2 „„u If -2 



{27Th)^ {e'^'^' ) = y^ d^oe*'"'''^ {iHo + aj\h) , = / dea{e), (2.23) 



S^=dD 



27r/i. . 
where e > max(— Uj), j = 1, ...,£ + 1. 

Proof. We prove ()2.23p using the representation obtained in Proposition [2Tj We shall calculate the 
following functional integral 



1 



d^odrio dHo dbodao [D^^] [D^x'] e 



(2vr)2 

Integrating over bo we obtain the delta-function factor 

r>27r 



M d9\j2ixH0)x'{6)-jy,ao + a,)\ip^{e)\' + ih^He)deV^ (2.24) 

Further integration over do gives 

27 Jo deY.-^^\^j{e)\^ 

Taking into account that the integral over Hq implies the constraint 

,27r ^+1 



•^0 j=i 



2 2 

= r , 



we obtain 

r2Tr 



^0(V'>X) = ^ ^^X^■(0)x^■(0)-5^^7,V(z)|2 + ,^<^i(z)9e(^^■(z) 



V=i j=i 
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After integration over Hq the integrand reduces to 



27r 
2^ 



( 1 I-21T 



2 2 

— r 



exp{(^ + ,7o)^ / d0^^^Wx^W + (^-ryo)- / dOY,^ {e)x' {0)+ 



(2.25) 



47r 



(i0 







where ip{z), x(^) &re even and odd holomorphic functions. We normahze the measure as follows: 



D\D\ = W '-D^D^ W -Dx'Dx^. (2.26) 



In particular 

r2iT 



I D^eM^l ^ dex'{e)xHO)} = 1. (2.27) 

It is useful to reintroduce the variable Hq by writing the first delta-function in (I2.25P in the integral 
form. Then integrating over odd variables d^O; dr]o and d'^x we reduce the functional integral to 
the following one 



(e4^*°')= [ dHoD^^e-^expl-^ [ deY,{i^Ho + cj,)\^m''-^^^iO)dev^ie))], 



where e > max{—aj), j = 1, ...,£+ 1. We can rewrite the expression for correlator in equivalent 
form 



^2 „,n^ r ir^Hn 



where 



Zlsm{^j, K) = j [D\] [D\]e-'^sM{^^^'') (2.28) 
is a functional integral with the action 



^ {e)\^ + ih^ {e)de^ {9) 



The functional integral (j2.28p is a correlation function in 5*^ x f/^+i-equi variant type A topological 
linear sigma model on D with the target space V = C^"^^. This functional integral was calculated 
in [GLQl] with the following result: 



ZLSM{Tj,h) = J{{27:hr-^h^T (-^j = {2T,h)-—J{Ti{a,\h), (2.29) 

j=l 3=1 
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provided Re{iHQ + aj) > 0, j = 1, . . . ,i + 1. 

Using the expression (j2.29p for Zlsm and noting that the integration contour (M — le for 
e > max{—aj), j = 1, . . . , ^ + 1) is compatible with the condition Re{iHQ + j = 1, . . . , ^ + 1 we 

obtain the integral representation for {e^^''°^) 

2 f 2^+1 

(eVC^'"^) = (2^/i)-^ / dHoe'^'''2T\Ti{iHo + aj\h). (2.30) 
This complete the proof of the theorem. □ 

Corollary 2.1 The parabolic Whittaker function (|1.2ip associated with¥^ has an infinite- dimensional 
integral representation as a correlation function in type A topological x U^j^i-equivariant sigma 
model with the target space 

^,(x) = (2vr/.)^(e4^'"'), 

where aj = —Xj and x = —hr'^/2. 



3 Mirror dual type B topological Landau- Ginzburg model 

In this Section we consider a type B topological Landau-Ginzburg model which is a mirror dual to 
the topological type A sigma model with the target space considered in the previous Section. 
We calculate a correlation function in the Landau-Ginzburg model which is mirror dual to the 
correlation function ()2.23p . This calculation naturally provides another integral representation 
of (1,^ + 1)-Whittaker function associated with P^. 

The mirror duals of the topological gauged linear sigma models were constructed in |HVJ. In 
the following we apply this construction to a particular sigma model considered in the previous 
Section. To provide a heuristic explanation of the construction let us recall that the topological 
gauge field multiplets can be obtained in a simple way from J\f = 2 SUSY gauge multiplets described 
by twisted chiral superfields. Under mirror symmetry twisted chiral superfields are transformed 
into chiral multiplets. Thus a mirror dual of the f/i-gauged type A topological linear sigma model 
with the target space C^"^^ should be described by a mirror dual of a type A topological linear 
sigma model with the target space C^"*"^ interacting with an additional topologically twisted chiral 
multiplet H. The mirror dual of the type A twisted linear sigma model was considered in [HV] 
(see also |GL02] ) and is described by a Landau-Ginzburg sigma model. A coupling with the 
additional topological multiplet H can be guessed from simple duality considerations in quadratic 
theories [HVj . Actually we are interested in the dual to 5"^ x f/^+i-equivariant ?7i-gauged type A 
linear sigma-model. It is useful to replace C/^+i-equivariance by [/^"'"^-equivariance supplied with the 
overall invariance of the correlation functions with respect to the permutation group S'^+i (the Weyl 
group of t/^+i). The resulting Landau-Ginzburg theory, dual to 5"^ x J7-f^^-equivariant J7i-gauged 
type A linear sigma-model, has the following superpotential: 

2 ^+1 

W{(k, a) = -iha^ + ^{-{la + + e"^') + ;ilog(27rn), (3.1) 

written in terms of the lowest components cpj, j = 1 . . . (^+1) and a of chiral superfields. In (j3.ip aj, 
j = 1, . . . , ^ + 1 are [/^"''^-equi variant parameters and x = ^ is a parameter of the Kahler structure 
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of in the dual type A model. Note that usually one considers the Landau-Ginzburg theory 
on (C*)^"*"^ as a mirror dual to C/i-gauged linear sigma model associated with non-linear sigma 
model (this implies in particular that one uses the variables = e'^^ as the correct description of 
the target space of the theory). Taking into account that the mirror dual of C/^+i-equivariant P^ 
sigma model has superpotential (j3.ip which is single-valued on the universal covering space C^"*"^ 
we use the coordinates (pj below. 

We would like to calculate a particular correlation function on a disk D in the Landau-Ginzburg 
topological theory with the superpotential (|3.ip . Happily this calculation was already done in 
|GL02j for an arbitrary superpotential W{(j)). Let us recall briefly this derivation. We consider a 
set of fields with the following S'^-equivariant BRST transformations 

dgicpl = r]\ 6siv' = -^i^,o#-, ^s^S' = CL, SsiGl = -hi^^de\ (3.2) 

5sip' = - d(t>\ + hi^,, GV , 5si4^+ = - hi^o > ^s^G\ = dp\ 

where and (/>_ are even real zero- form valued fields, rf and 6^ are odd real zero- form valued 
fields, are odd real one- form valued fields, are even real zero- form valued fields and are 
even real two-form valued fields. The action of the topological sigma model is given by 

N 

S = -iY^ / {{d4>{ - hL^^G{) A *#i + p^' A *dr]^ - 6jdf>> + G^+Gi) (3.3) 

Here and W- are arbitrary independent regular functions on M^. Thus defined action is 
Jgi-closed. Below we consider the case of W-{(j)-) = and VF+(0+) = W{(j)j^). Thus we have 




Given an observable O (i.e. a functional of the fields), its correlation function is defined as the 
following functional integral 

{O)^ := |^)/.Oe-^ 
N (3.5) 

D^, = n[^'AV]W-][W][^^1[^Pl[^G'V][i)GL]. 

i=l 

We consider a local 5^1 -invariant observable 

N 

0= W5{<l,U^,z))^\z,z)l=o, (3.6) 

i=l 
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inserted at the center of the disk D . The calculation of the integral (j3.5p with the observable ()3.6p 
was done in |GL02| . 

Theorem 3.1 A correlation function of the observable (|3.6|) in the type B topological -equivariant 
linear sigma model ()3.4p is given by 



{0)w = 




where P are the constant modes of the fields (fP, 



Now we can apply this general result to a particular case of the superpotential ()3.ip . 



Proposition 3.1 The correlation function of the observable (j3.6p in the type B topological S^- 
equivariant linear sigma model ()3.4p with the superpotential 

2 ^+1 

W{(t>+,a) = -iha"- + ^{-{ta + aj)(t>{ + e'^+) + ;ilog(27rn), (3.8) 

is given by 

t+i 

{0)w = ^J daoe-'^4 [ Hdt^ ^YfftXi^o^^^W-^^)^ e > , = 1, . . . , ^ + 1, 

2'Kh J^_,, jj-^ 

where ao and t^ are the constant modes of the real fields a and (p-L respectively. 



The expression (I3.9p coincides with (I2.23P and is equivalent to (ll.2ip ()1.22p obtained in the 
Section 1. Thus type A and type B topological sigma model representations related by mirror 
symmetry give rise to two different integral representations ()1.2ip (ll.22p of the same parabolic 
Whittaker function (fLM]) . 



4 Equivariant symplectic volume and its mirror 

In this Section, following |GL02j . we provide a simple heuristic derivation of the correlation function 
()2.23p . This calculation directly relates type A and type B mirror dual integral representations. 
First let us demonstrate that (jl.22p can be understood as a limit of equivariant volumes of spaces 
of holomorphic maps of when a de gree of the maps goes to infinity. The compactified 

space of holomorphic maps P — t- P of a degree d can be identified with p(^+i)(rf+i)-i as follows. 
Holomorphic maps of P^ into P^ of de gree d can be described as a collection of ^ + 1 mutually prime 
polynomials of the degree d 

d 

^{z)=Y,^mZ'^, J = l,...,£+1, (4.1) 

m=0 

modulo multiplication by rational functions 

ip^{z) — > ip^{z) = g{z)ifP{z), 
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such that the resulting functions f^z) are again polynomials of the degree d. In the case of 
mutually prime polynomials the function g{z) is necessary constant and thus the space MdC^^ ,'^^) 
of holomorphic maps is given by a projectivization of the space of mutually prime £ + 1 

polynomials. This space is non-compact and its compactification QM.d(F^,F'') obtained by omitting 
condition to be mutually prime is a projectivization of the vector space of (i + 1)- 

tuples polynomials of the degree d. The space QAidO^^ ,F^) = p(^+^)('^+^)^^ can be obtained as the 
Hamiltonian reduction of the space of {£ + l)-tuples polynomials of the degree d supplied with the 
symplectic structure 

e+i d 

^ = lJ2J2^'pin^s<fi^, (4.2) 

j=l m=0 

with respect to a diagonal action of C/i generated by the vector field 

e+i d ^ ^ 

The action of Ui is Hamiltonian and the corresponding momentum (i.e. solution of the equation 
Ly^j^ J7 = Sfj,) is given by 

-. e+l d -. i+l „27r 

^ j=\ m=0 3=\ "^0 

Here ^{0) denotes a restriction of the polynomial ^{z) on the circle z = e*^, G [0, 27r). The 
reduced space p{^+i)(<^+i)^i is naturally supplied with a symplectic structure ^ind- 

The symplectic space Q,M.d^^ ^^^) allows a Hamiltonian action of the larger Lie group x 
U^'^ . In homogeneous coordinates it is given by 

(4, (^^e*"^ e'"^^, {e'^, 6*"^ , • • • , e*"^+i ) e x Ui x ■ ■ ■ x Ui . 

The action of the corresponding Lie algebra generators is realized by the vector fields 

e+i § g 



^ ■ s s 



(4.3) 



The corresponding momenta are 

^+1 d e+l 2tt 



^ j=l m=0 j=l 



m=0 



The X J7f'''^-equi variant volume of QA^d(P^,P^) is defined as the following integral 



Zd= e^ind ' , (4.4) 
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where ^^^^d^^ ^ t/f^^-equivariant extension of the symplectic structure ^lind on Q7Wd(P-'^, P^) 

induced from (14. 2p by the Hamiltonian reduction. Let us identify -fT* ^ ^^^+1 (pt) with C[^, cJi , . . . , 

where h corresponds to a generator of and Oj to a generator of j-th factor in t/^"''^. 
Proposition 4.1 The equivariant volume (j4.4|) /las t/ie following integral representation 



1 /■ D^ipD^xDHoD^oDr]oDXDao 



(2^)2 y voi(Ui) 

-^{e)x\9)) + 2A ^ — / (z(ao + + {e)de^^ {6)) + x'm'ie))de, 

where ^O; o.nd X"'; i = 1; • • • ; (^+1) '^'"c considered to he Grassmann variables. Also the functions 
^^{9) and xH^) ^'''^ restricted to be degree d polynomials of z = e*^ with the integration measure 
given by 

e+i d ^ £+1 d 2 

^^'^ = n n ^ "^^ra, = n n 7^^™ ^ 

j=l m=0 j=l m=0 

Proof The proof reduces to apphcation of the standard technique (see e.g. |CMR| ) and is given in 
Appendix F. □ 

Proposition 4.2 The equivariant symplectic volume (j4.4p has the following integral representation 
Z, = i27,f+m+^)-2 f ^^^^ (4.5) 

m=0 (^-^0 + CTj + ^^IT-) 



where e > max{—aj), j = 1 ...,£ + 1. 
Proof. Using Proposition 14. II we have 



j=l m=0 j=l m=0 

e+1 d / l+l d 

"^0 X] X] ('^^^^ ~ "PLxL) - 2A K ^ ^ (fjo + CTj + /im)|(/j^|2 + xLxin | + Y^o- 

j = l m=0 \ j = l m=0 



Applying Proposition [O] in Appendix F to QA^<i(P\P^) = p('^+i)('i+i)-i with the action of 5^ x 
J/f^"'^ we obtain 
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where e > max(— Uj), j = 1, . . . , i + 1. □ 

Now let us consider the hmit d — >• cxd of (|4.5p . We use ^-function regularization to define 
infinite products (see e.g. [Vorj and Appendix in [GLOl]). More precisely, define logarithm of the 
regularized infinite product as a derivative of the zeta-function 



In TT(pn + A) ■■= -dsCp{s,X)\s=o, 

L -*- J req 

where C,p{s, A) is an analytic continuation of the infinite sum 

Cp(s, = X] ^pn + xy ~^ ^ arg(/)n + A) < vr, Re(s) > 1. 



n=0 



We have 



Cp(0, A) = i - 9.Cp(0, A) = - - -) In p + In -^F f ^ 

2 /J \^ pj V27r V/J 

and thus for the regularized infinite product we obtain 



n=0 

Taking A = iHq + o",- and p = h we have 



1 1 1 . i„u.. , ,iHq + aj 



Now applying this regularization to the products in ()4.5p for d — >• +00 we obtain 



where we imply that — vr < aig{iH + Uj + /in) < nvr and e > max^—aj), j = 1, ...,£ + 1. Thus 
taking in appropriate way the limit d — )• 00 we recover the integral representation (j2.23p for the 
functional integral in topological field theory on the disk D. Note that the interpretation of the 
limit d — )• 00 as a replacement of by D seems quite natural as in the non-compact case there is 
no notion of a finite degree map. 

To relate the type A model calculations given above with the integral representation (13. 9p 
arising in type B model we follow the strategy used in |GL02| i.e. we calculate the equivariant 
volume of the holomorphic maps using the Duistermaat-Heckman formula [DHj . We would like to 
calculate the integral over the infinite-dimensional projective space ¥A4{D,C^^^) assuming h> 
and C7j > 0, j = 1, . . . , ^ -|- 1. Let 



where $7 is a symplectic form on ¥j\4{D, C ) defined by the Hamiltonian reduction with momen- 
tum X, fls^ is a momentum corresponding to the S" -^-action on ¥M.{D, C^+-'^) and flj, j = I, . . . + l 
are momentum corresponding to the action of U^^^ on ¥Ai{D,C^~^^). Note that the integral in 
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(j4.8p is an infinite-dimensional one and thus requires a proper regularization. One can formally 
apply the Corollary 15.11 Appendix E to rewrite the integral as follows 



If ^ ^ /" , PA1(D,C) , ^- 

Z{h,a) = — / dxi---dxi+i6ix-yxj) Y\2tt / e^MiD,c)+-,f^, +^^^51 

27r J f-f TLi J¥M{D,C) 



i=i j=i 

Thus the calculation reduces to the calculation of the following integral 

J¥M{D,C) JfM{D,C) 

This integral was already calculated in [GL02]. Below, for completeness, we recall the main steps 
of the calculation. To calculate the integral (j4.1Up we use an infinite-dimensional version of the 
Duistermaat-Heckman formula |DH| (for a detailed introduction into the subject see e.g. |Auj ) . 
Let M be a 2A^-dimensional symplectic manifold with the Hamiltonian action of S"^ having only 
isolated fixed points. Let 11 be the corresponding momentum. The tangent space Tp^M to a fixed 
point Pk G has a natural action of S^. Let u be a generator of Lie(S'^) and let v be its action 
on Tpi^M. Then the following identity holds: 



/ 

J A 



e 



hfj.+uj _ \ 



Pk 



Let us formally apply (|4.1ip to the integral (|4.10p . A set of fixed points of 5^ acting on FM{D, C) 
can be easily found using linear coordinates on A4(D,C) (considered as homogeneous coordinates 
on FAi{D,C)). Let f{z) be a holomorphic map of D to C. It represents an S^-fixed point on 
FM-{D, C) if rotations by can be compensated by an action of Ui 

e'''W^{e"^z) = ^{z), /3G[0,27r]. (4.12) 

It is easy to see that solutions of ()4.12p are enumerated by non-negative integers and are given by 

V;(")(z) = ^„z", ^neC* nGZ>o. (4.13) 

The tangent space to Ai{D,C) at an 5'^-fixed point (/j*-"-* has natural linear coordinates ipm/fn, 
m G Z>o, m ^ n where coordinates (pk, k £ Z>o are defined by the series expansion oi if G Ai{D,C) 



zK 



k=0 



After identification of h in ()4.10p with a generator of Lie(S'^) its action on the tangent space at the 
fixed point is given by a multiplication of each <Pm/Vn on (m — n). Thus to define an analog of the 
denominator in the right hand side of the Duistermaat-Heckman formula (|4.1ip one should provide 
a meaning to the infinite product Y\m=Om^n ^("^ ~ n)/2-K. We use a C-function regularization 



In 



, 27r 




{ahm/2'Ky {ahm/2TT) 



(4.14) 

i->0 



where a is a normalization multiplier. The introduction of a is to take into account a multiplicative 
anomaly det{AB) 7^ det A • deti? appearing for generic operators A and B. We specify a at the 
final step of the calculation of ()4.10p . 
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Lemma 4.1 The regularized product ()4.14p is given by 



{ah/2-K) 



ah 



UnieZ>o,m^n - n)/27r 
Proof. Using the Riemann (^-function 



n! 



27r 



(4.15) 



n=l 



one can express the right hand side of ()4.14p as follows: 



In 



h 



TT — (m-n) = (C(0) + n)lna/i/27r + Inn! - C'(0) + zvrn. 
-•■ 27r 



Taking into account C(0) = — | and C(0)' = — |ln27r we obtain (j4.15p . □ 

Let us now calculate the difference of the values of S'^-momentum map jlgi at two 5^-fixed 
points ip^'^\ip^^^ G PA^(Z),C). Consider an embedded projective line P"*^ C P7W(D,C), containing 
and ip^^\ Let us choose homogeneous coordinates [zq : zi] on such that (/j^") = [1:0] and 



(n) 



[0 : 1]. The action of on PA^(L',C) descends to the embedded P^ via the vector field 



V 



d 



d 



m < w- 



w- 



\ 



dw dw ) 

The pull back of the symplectic form Vt{t) is given by 

dw A dw 



W = Zi/ZQ. 



(4.16) 



it 



(1 + kr) 



2^2 



The action of the vector field (j4.16p on Pi is the Hamiltonian one. Let fj'g} be the correspond- 
ing momentum given by a restriction of the momentum Jlgi for S'^-action PA^(L',C). From the 
definition of the momentum map we have 



[0:1] 
1:0] 



[0:1] 
[1:0] 



(4.17) 



A momentum defined as a solution of the equation ivui = dfi is unique up an additive constant. 
To fix this constant we normalize the momentum jlgi{(p) so that iJ,si{(p^^^) = 0. Thus we obtain 
the following: 



-nt 



^^'^^ wdw + wdw 



[1:0] + 



2\2 



nt 



1 



{l + \w\^) 



oo 




-nt . 



(4.18) 



Substituting ([iT8|) and into (jilT]) for M = FM{D,C) we obtain 



27r 



ah 



PA1(D,C) 



(2^)2 



^/ah exp I - ^ e , 
V ah ) 



-nth 



n=0 



(a/i/27r)"n! 



(4.19) 
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where the dependence on the normahzation constant a reflects an ambiguity of the regularized 
infinite-dimensional integral. 

Taking into account (j4.9p . the regularized x C/^+i-equivariant symplectic volume of the pro- 
jectivization of the space of holomorphic maps of D into C^"^^ can be written as follows: 



Zreg = 7- I ■■■ dxi ■ ■ ■ dxg+i 5{x - V Xj) TT 27re-'"^^^ / 
^0 Jo ~{ jj[ Jf 

(ah)^ / e*^°^TT / dxje 

jR-zt Jo 



¥M{D,C) 



Changing the variables 



we obtain 



To get rid of the renormalization ambiguity we take the limit a — )• 

Z[a, ?i) = hm. — ( - ) ( — ) Zreg = 



a^o h \a J \ o- J 

i+l 



1 r 

— / dHo e'"^"" TT Ti{iHq + aj\h), e > max(-aj). 



Integrating over //q we obtain precisely the mirror dual integral representation (jl.2ip for the Whit- 
taker function associated with 



/ W dtj exp -T A,ij + A,+i(x - ii) + 5^ + e 



where aj = Xj, x = —hu. 



5 Conclusions 

To conclude we briefly outline some directions for future research. The most obvious one is a 
generalization to the case of an arbitrary partial flag manifold G/P. Recall that partial flag 
spaces allow a description in terms of the non-abelian Hamiltonian reduction of a symplectic vector 
spaces and thus the corresponding type A sigma models can be represented as gauged linear sigma 
models (of quiver type) with non-abelian gauge groups. For G/P = Gx{ra,i + m) the corresponding 
parabolic 0[£_|.]^-Whittaker function p.8p has the following integral representation generalizing (|1.22|) 
(see Appendix D for m = 2, = 1): 

.T, / \ ( j J --(''yi+'y?+---+'y™') nj=l riail ri(7i ~ -^al^) ir. ^ \ 

*Ai,...,A,+i X = / d7i,---d7^e +^^>^ — -— . (5.1) 
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A detailed discussion of the (topological) gauged linear sigma models describing holomorphic maps 
into Gr(m, i + m) can be found in |W3] . [MP]. For a mirror description of the corresponding gauged 
linear sigma models see (HV] , We expect that Gi{m,i + m) analogs of the correlation functions of 
the topological quantum field theories considered in the previous Sections are given by the integral 
expressions (jS.ip . Note also that the Givental type integral representation for Whittaker functions 
associated with classical groups was constructed in [GLOj . This provides a Landau-Ginzburg model 
description of the mirror dual to a type A topological sigma models on the flag manifolds associated 
with the classical groups. We are going to explicitly derive this mirror duality following the line of 
this note elsewhere. 

Another direction to pursue is a higher-dimensional generalizations of the constructions pro- 
posed in this note. One of the motivations is a higher-dimensional generalization of the connection 
between Archimedean Langlands correspondence and mirror symmetry. This includes in particu- 
lar an instanton counting in higher dimensions. Note also that the higher dimensional examples 
considered in |GL01| provide also additional insights into the conjectured relation between local 
Archimedean Langlands correspondence and the mirror symmetry in two dimensions. We are going 
to discuss various higher-dimensional generalization of the results of [GLOlj . [GL02J and of this 
note elsewhere. 

Appendix A: Proof of Proposition 11.11 

We start with the following auxiliary result. 

Lemma 5.1 The adjoint action of the group element (jl.9p on the algebra b+ = (-Ejj, i < j) is 
given by the following: 



m 




k=2 



9 Ekkg — Ekk + XkEi^k 
9 ^Ek^k+j9 = Ek^k+j + XkEi^k+j 1 



2<k<m, 




2 < k < m — 1 , 1 < j < m — k; 




l<k<e-l 




(5.3) 



9 E£^m,e+m9 — Ei^rn,e+m + 

k=l 




9 Ei^rn+j9 



m+j9 




Xm+j {EkJ+m + XkEij^, 



l<j<i-l 



m 



)) 



(5.4) 





9 Eij+ra9 = e- 



El,i+: 



■m ■ 
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Proof. Consider functions Fij{x) := g{x) ^Eijg{x). The commutation relations above then can 
be derived by writing down and solving differential equations for Fij{x) with the initial condition 

F,j{0) = Ei,j. □ 

Let us introduce a notation 

{A) := (VLKA(A)IV'i?}, A G UqIi^^. 

Consider {C2g) where C2 is a quadratic Casimir operator ()1.12p . Taking into account {ipL\Eji = 
for j — i > 1, we have {€29) = (C'25) with 



l+m t+m~l l+m 

C2 = '^EiiEjj - ^ Ej+ijEjj+i - piEii + a2{p). 

i<j j=l i=l 



(5.5) 



Let us derive contributions of each term in (15.51) . First we observe that 

£ + m-l 



e+m 

^ PiiEug) 
1=1 



+ m — 1 



e+m-i 

{Eug) — {Ei+m,i+m9) — ^ Pj{Ejjg) 

11 + . . . + Emm)g) — {{Em+l,m+l + • • • + Ei^ml+m)g) 

m i—1 l+m—1 

^{Ekkg) + ^{Em+n,m+ng) " ^ Pj{Ejjg) 

i=2 



k=2 



n=l 



+ m — 1 



(5.6) 



{{Ell + . . . + Emm)g) — {{Em+l^m+l + . . . + E(:+rn,e+m)g) 

[Pk ^ ) {Ekkg) - \Pm+n H ^ j {Em^n, m+ng) 

k=2 n=l 



+ m — 1 



d 



d 



2 Idxi dxii^rn 

since Pk — Pi = 1 — A; with 



d 



^(A;-l)xfc^^ - y^(£ - n)Xm+n 



d 



k=2 



n=l 



dx 



m+n 



d 



{Ekkg) = {g{Ekk - XkEik)) = -^k-Q^{g) 

and Prn+n - Pl+m = £-11 with 

{Em+n,m+ng) — (^m+n, m+n ~l~ ^^m+n^m+n, ^+m) ) — 2^m-t 



A; = 2, . . . , m , 



d 



-{g), 



n = 1,...,£-1. 



Next, by using {ipilEj+ij = h~^{'ipi\ for j = 1, . . . , ^ + m — 1, we find the following: 
e+m-i ^ e+m-i ^ e+m~2 

' XI = X] (Ejj+ig) = --rUEug) + (-E'^+m-i.^+mS') + ^ {Ejj+ig) 



i=2 



m— 1 



-{5x2 +9x,+„_i}(c/) - T'^{g{Ek,k+l+XkEi^k+l)) - T{Em,m+ig) 



k=2 



1 ^"^ 

T ^ ^ (ff(-S'm+n, m+n+1 S^m+n+l-E'm+n, £+-m)) 



?i=l 
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In generic case when m > 1, £ > 1 we have 
and therefore 

^ e+m-i 

h I dx2 dXi+rn-1 ^ OXk+l ^ OTm+„ ^ J 

In the special case m = 1 the following holds: 



1 ^ ^-1 ^ 

T^{Ek,k+ig) = -T^{Ek,k+i9) -T{Ee,e+ig) 



fe=i fc=i 



A:=l j=2 J 

In the other special case £ = 1 we have 



-if:(E,,,,.) = i{A _ (Zi)^,„,.„«-.. + E..^}(.). (5.9) 

j=l fe=2 

Finally, we calculate the contribution of the quadratic part of the Casimir element (|5.5p . We have 

m ^-1 

'^^{EiiEjjg) = {EiiEi^rn,i+mg) + ''^{EnEkkg) + y^(i^lli^rra+n,m+ng) 
i<j fc=2 71=1 

m i-1 

+ 'y^^{EkkE£+m,l+mg) + ''^{Em+n,m+nEi+rn,i+mg) (5.10) 
A:=2 n=l 

m £—1 m i?— 1 

+ {EkkEaag) + {Em+n, m+nEm+b, m+bg) + {EkkEm+n, m+ng) ■ 

2<k<a l<n<b fc=2m=l 

Then for each term in the above decomposition we derive the following: 



{EnE£j^rn,e+mg) — {{Ell + . . . + Emm){Em+l,ni+l + • • • + -E^+m.^+m)^) 

m t—1 m £—1 

'^^^{EkkEi+m, t+mg) — ( {Ell Em+n, m+ng) — '^^^{Ekk Em+n, m+ng) 

k=2 n=l fc=2n=l 



(5.11) 



^{EiiEkkg) = ^{{Ell + . . . + Emm)Ekkg) - {EaaEkkg) ] (5.12) 

k=2 k=2 k,a=2 
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i-1 



'y^^{Em+n, m+nEj-^-m, E+md) — (-^m+n, m+n (-E'm+1, rra+l + • • • + -£'£+m, ^+m)fl') 
n=l n=l 

^ ^ {Em+n, m+nEjYi+b, m+bd) ■ 
n,,b=l 

Substituting (j5.1ip - (j5.13p into (jS.lOp . and making evident cancelations, we arrive at 

"^^{EiiEjjg) = {{Ell + . . . + Emm){Em+l,m+l + • • • + Eij^rn,l+m)9) 
i<j 

m l—l m 

- '^{ElkO) - '^{Em+n,m+n9) + '^{{Ell + • • • + Emm)Ekkg) 
k=2 n=l k=2 

m m 

— '^^{EkkEaag) — y^(-E'm+ n, m+nEm+b, m+bO) 
k<a n<b 

+n, m+n 

n=l 



/ , ^k^a no / y ^m+nXm+b r-. n ~\~ / Xk n / Xm+n r% \\9) 

^-^ OXkOXa OXm+nOXm+b OXiOXk OXm+nOXf+rn J 

2<k<a l<n<b ^ k=2 " n=l 

since 

{Elkd) = {-Xkdxk){-Xkdxk){9) = {^Idl^ + Xkdx^]{g) , 2<k<m; 

{Em+n,m+n9) — {Xra+ndxm+n){Xrn+ndxm+n){9) 
= [xL+ndl^+r, + Xm+ndxm+u } (s) , l<n<l-l. 

At last we collect (|5.6p . (|5.7p . (|5.14p . multiply by and conjugate them by e~P'^'^^'^~^^+-^\ We 
obtain (jl.lSp . This completes the proof of Proposition ll.il 

Appendix B: Proof of Proposition 11.21 

The lower-triangular part of the Lax-operator C = \\Cij\\ easily follows from p.6p : 

= 1, = 0, 2 < j < (. + m - u , (5.15) 

for l<n<£ + m — 1. 

The calculation of the upper-triangular part of C can be done using Lemma |5. 11 Namely, if Cij 



(5.14) 
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is in diagonal (m x m)-block the following holds: 

^i,k{g) = HEi^kg) = -fidx^ig) > 2 <k <m; 

^kkig) = HEkkg) = h{g{Ekk + XkEi^k)) = -hxkdx^ig) , 2<k<m; 

m m 

^ii{g) = h{{Eii + . . . + E„,m)g) - hJ2{Ekkg) = {-hd^^ + hj^^kd-x^jig) ; 

k=2 k=2 

Ck,k+j{g) = h{Ek,k+jg) = h{g{Ek,k+j + XkEi^k+j)) = -hxkdxk+^ 2<k<m, 1 < j <m- k. 
For the diagonal {£ x £)-block we have 

Cm+kJ+mig) = HEm+kJ+mg) = -^^x„+fc(5') , l<k<l-l] 

^m+k,ni+k{g) = fi{9{Em+k,m+k ~ Xm+kEm+kJ+m)) = ^X„i+kdxm+k^g) 1 < /c < £ — 1 ; 

£-1 



^e+m,e+m{g) — fi{(.Em+l,m+l + ■ ■ ■ + E£+rn,e+m)g) — ^ {Em+k, m+kd) 

k=l 

= —^dxi+^{g) — fi''^{9{Em+k,m+k — Xm+kEm+k,e+m)) (5-17) 



k=l 



= {^dxt+^ - hY,Xm+kdx^+,}{g) ; 

k=l 

'"m+k, m+k+ k,m+k+j Xm+k+jEm+kjl+m)) — ^•^in+k+jdx^^f,{g) ■, 

l<k<e-2, l<j<i-k-l; 
Finally, for the upper-triangular (m x ^)-block the following holds: 
Ci,m+j{g) = he^'^-^^+^igiE^^m+j - Xm+jE,j+„,)) = -(-l)^(^'™)x^+,-e^i-^^+-(5) , l<j<i- 

Ck,i+m{9) = he'''-'''+-{giEk,i+n. + XkE,j+,^)) = (-l)^(^'")xfce"i-^^+™(5) , 2<k<m; 

^k,m+j{9) = fie^^~^^+"^ {g[Ek,m+j + XkEi^m+j — Xm+jEk,e+m — XkXm+kElJ+m)) 

= , 2<k<m, l<j<£-l 

After conjugation C — e~P'^(^'i-~^e+"^) CeP^^^^~^'+'^^ we arrive at the proof of Proposition 11.181 

Appendix C: Proof of Theorem 11.11 

Consider the following decomposition of the Borel subalgebra b+ = + n^'^'''"'^^ 

= /eu, Eu + ... + ^^+1,^+1, Ek,i+i, l<k<£), 

\ (5.19) 
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Recall the construction of a generalized Gelfand-Zetlin representation of gf^+i |GKL| . Namely, let 
7_i^, . . . il fij^-^ be a triangular array consisting of l{l + l)/2 variables 7„ = {pini-, ■ ■ ■ ,7nn) £ C",n = 
1, ...,£ + 1. The operators 

^ n n— 1 



n+1 

, ,. n 
1 ^ 



n n (7n,i - 7n+l,i - i) 



n-1 



n n (7n,i -7n-l,j + 



n(7n.-7n,.) ' 1---^' 

form a representation of fll^+i in the space M of meromorphic functions in i(i + l)/2 variables 
(7_^, . . . ,7^)- The Whittaker vectors ('(/'lI G and |V'_r) G Va are defined by 

{lpL\En+l,n = , 1 < n < £ ] 

n 

5.21) 

= 0, ^^LmlV-i?) = ^^-^^ IV'i?), 

^fcfclV'H) = 0, 2<A:<£, ^fc,fc+i|V^R) = 0, 2<A;<^-1. 

We identify both Va and with subspaces of the space of functions of 7,^, i = !,...,£ + 1, 
j = 1, . . .i. The action of UqI£_^_i on Va is given by (j5.20p and the action on V^ is given adjoint 
generators 

4=^-i(7)i?^,/i(7), 



where 



n=2 sj^n 

Lemma 5.2 The equations (|5.21|) admit the solution 

1 



M7)=nnr'-'(^^)- (5.22) 



2inh 



(5.23) 



X 



£ k k-1 l-l ^ 

iV'i?) = n^(x]^'='j ~ x]7fc-i,i) n '^(7fc,i-7fe+i,i+ 2 

k=2 j=l i=l l<i<k 

n=2i„ytj„ j=l 



(5.24) 
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Proof. The equations on the left vector are similar to those in |GKL] and by the same reason admit 
the solution = 2mE- ^^'^ right Whittaker vector one needs an explicit expression of 
the element Eij+i = [. . . [[£'12, £'23], • • • , Ei^ij], Ei^+i] 



^ t n (7An - 7^+1, ii - 2) 2 n (72, i2 - 73,i2 - i) 

1 / jl = l jl-li^'H-l 

^ n (7^ ii - 11, fci ) w (72, - 72, ) 

fci^ii (5.25) 

£ £ 1 1 ^ 

(7ii-72,j^- 2)je '^^^ 

The constraints 

E22\^r) = ... = £a|^R) = 0, 
obviously hold. Similarly due to the presence of the product of delta-functions 

n '^(7fc,j - 7fe+i,i + 2 

\<i<k 

we have £i2|V'i?) = • • • = -E'^-i,£|'0-r) = C Thus we have to check that (j5.24p satisfies the relation 
-£'1,£+i|V'-r) = ^""^IV'-r) with (j5.25p . At first we note that due to the factor 



we have 



n ^(7fc,i - 7fc+i,i + 



l<i<fc 

E\^i^\\4)B) 

^ n (7^1 -7m,i - 2) / hM fi^ 

l£=l (721 - 732 - 2)(721 - 733 - 2) 

h ^ 721 - 722 (5.26) 

11 (7^,1 - li,k) 

k=2 

a a I 1 ^ 

(7ii- 722 --je \Wr) ■ 



Finally straightforward calculations provide 



1+ 



e(e-i) 
2 



" 7fc+i, 1 - 7fc+i,i+i 
□ 



Now we are ready to prove Proposition ll.il Define the left and right ^-modules as V = {iPlI^ 
and V = hl\'4)'ji) respectively. Let 4) and £ Define the paring {■,■) -.V ®V ^ C by 

((/>, V') = / /i(7)'/'(7)V'(7) n n (5-28) 

•^'^ n=l j<n 
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where we define the integration domain C shortly below. Let x = xi. We have 



and thus 



e k k-1 e-1 ^ 

-^lk-l,^) n ^{^k,i-lk+l,i + ^) (5.29) 
k=2 j=l i=l l<i<k 

n=2in^j„ j=l 

for appropriate choice of integration domain C Taking into account the Stirling formula for gamma 
function 

r(c + z) = V2^z^+^~^/^e-^{l + 0{l/z), 

for z — )• oo, < |arg((z)| < vr and c, z G C we infer that the integral (j5.29p converges absolutely. 
Making obvious cancelations and integrating out the delta-functions one obtains 

= :^,e-l^ [ d,, , e-^^^^-+^- TT t H''' 'J'^'- + 1) , (5.30) 

27rz^ AM+e-§ M V /l 2/ 

2 J 1 

where e > Ji+ij, j = I, ...,£ + 1- Finally introducing the variable ^ye^i = iH — | and setting 
\j = 7£+i.j we obtain (jl.24p . □ 



Appendix D: Explicit calculations for Gr(2,3) 

In this Appendix we derive, using another version of the Gelfand-Zetlin realization, an integral 
representation for a specialization of the matrix elements (II. Sp for m = 2, ^ = 1. Note that due 
to isomorphism Gr(l,3) = Gr(2, 3) = the resulting integral expressions should be equal to 
(I1.24P for 1 = 2 after appropriate identification of the parameters. Below we explicitly verify this 
equivalence using an integral identity due to Gustafson |Gu] . 



We use the following version of the Gelfand-Zetlin realization of the universal enveloping algebra 
U{Qh) ( see [GKL]): 

1 1 

Ell = Till , -£^22 = t(721 + 722 " 7ll) , 

^ (5.31) 

-E33 = ■^(731 + 732 + 733 - 721 - 722) 

E21 = U'^'' , 

n 

h h (5-32) 

_ 1 f 721 - 711 + 2 Jid2i , 722 - 711 + 2 ,^822 1 

-£^32 — t\ 6 H e >, 

fll 721 - 722 722 - 721 J 
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Ei2 = - 721 - I) (711 - 722 - I) e 

3 3 

n (721 - 73j - n (722 - 73i - 



721 - 722 722 - 721 J 



23 

" 721 - 722 

3 

, (721 -73j - i) 



Ei3 = [^12, ^23] = -■^|(7ii -722 - 



(5.33) 



-e 



721 - 722 



3 

n(722 - 73j-|) 

+ (711 - 721 - y— 

^ 722 — 721 J 



722 - 721 

The conjugated generators 



4 = ^-i(7)i^ii^(7), ^(7) 



«JPV //; PV // p^ 72i— 722 ■jp^ 722— 721 • 

are given by 



t _ 



EL = -e 



E. 



1 [ 721-711 -2 ^-hd2i ^ 722-711-2 ^-^822] _ 

h I ^91 — 0'29 ^99 — ^91 J 



(5.34) 



^32 t I „ , 

fll 721 - 722 722 - 721 

In the case ~ Gr(2, 3) we have the following defining equations on the Whittaker vectors: 

mEi = lm, {^jlIeI = ^{^PL\■, 

E2M = 0, SislVij) = -1\4^r), E23\i^R) = 0. (5.35) 

n 

The defining equations for the right vector (j5.35p also can be solved. 
Lemma 5.3 The Whittaker vectors defined by (|5.35|) read as follows: 

= ^, (5.36) 

\i^R) = n n ;.(^--^3.)//.+i/2r(^72^_73, ^ ^(^^^ ^ _ ^^^^ _ ^5_3^^ 
fc=ii=i 

Proof. Direct verification. □ 

Finally, we consider the Gr(2, 3)-Whittaker function 

^f'^\x,,X2,xs) = e-(-i--3)(^^|^^(e-xi(z?ii+i?22)-x2i^i2-x3i^33) 1^^)^ 
with Xj = 73 J, j = 1, 2, 3 and xi = x, X2 = x^ = 0. 
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Proposition 5.1 There is the following integral representation of Gi {2,3)- Whittaker function: 

3 2 

where ei > Xj, i = 1, 2, j = 1, 2, 3. 



3 2 

''^(^) = A /" ^721^722 e-^(g^'-i^^^)- / n nri(72. - Xj\h) , 



(2 "i) € f 

'{x) = 7^ / (i72i(i722C?7ii <^(7ii "721 - 722)x 



Proof. We have 

27r;i 

3 2 , ^ (5.38) 

ei(E73.-E72fc)^^^^^^_ TT TT /i(72fc-A,)A+i/2p/^72fc^i:\j i' 

n.^.rf2:2izi2i) li li V /i ^2 

ihjtj'-y h J j=ik=i 

After taking integral over 711 and shifting the variables 721 — )• 721 — fi/2, 722 — )• 722 — fi/2 one 
obtains 

= A / ^^2i<i722 e-^(^^-i^^^)- / --X 

- 27r/l 7c<, xCea Ui^j Tl (72i - 72j I /i) 

3 2 (5-39) 

nnri(72.-73,i?i). 

j=l i=l 



Proposition 5.2 The following relation between (1,3)- and {2, 3) -Whittaker functions holds 

where Aj = Xj + A^, i ^ j ^ k. 
Proof. We have 

,,,(2,3) , , If . . -11-,, +,,1, 01-1 ri(7i - Aj|fi)ri(72 - \,\K) 

*Li,..W = ^X__^^_^''71«7.e Vi(7i-7.|n)r.fa-7l|a) ' 

where C^^ = zM + ej, > Xj,j = 1, 2, 3. Let us introduce new variables 7 = 71+72 and 7* =71 — 72 
to obtain 

,,,(2,3) 1 /"^ ^ _i,,n?=iri(i(7 + 7*)-A,|n)ri(i(7-7,)-A,|;i) 

*a;.a,.a..(^) = ^ / dldj*^ 



^x.MMy->- 2.hJ ri(7.|W-7.|^) 

Thus to establish equivalence with vl'^^'^) we should prove 

f , n;=iri(|(7 + 7.) - A,|;.)ri(i(7 -7.) - x,\h) 

/ ^^7* J. I i^NT^ I TT^ = II Ti 7 - Aj - Aj /i). 

A.i-.2)/2 ri(7,|;i)ri(-7*|/i) ^<J^-^^3 

This follows from the limiting form of the identity due to Gustafson [Guj (eq. (9.4) with n=l and 

a4 = 00) 

t ,. n,tiri(aj + t|'i)ri(aj-t|K) rr r ^ ^ Ifil 

k * ri(2*|.)ri(-2<|R) = , n^/.(". + 

where the integration contour Cq is goes between the sets of poles + nh, n £ Z>o and —Oi — nh, 
n G Z>o. □ 
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Appendix E: Gauge theory description of non-linear sigma models 



In this Appendix we recall the standard representation of a bosonic two-dimensional sigma model 
with the target space in terms of C/i-gauged sigma model. To simplify the arguments we consider 
the equivalence of the classical theories i.e. identifying the spaces of solutions of the equations of 
motions in two theories. Omitting fermionic fields in the action (j2.9p we obtain the following action 
of the bosonic C/i-gauged sigma model 

Sbos = / d^zVhh'-' -{{d, - A,)^){d, - + 2^6 Y.G\^^f + - r2) . (5.40) 

To obtain the classically equivalent field theory one may eliminate some fields using conditions of 
zero variations of the action Shos (substituting instead of an independent field $ a solution of the 
equation bS^^oajb^ = 0). Using a shift of the variable H ^ H — 2iba and eliminating the fields b 
and a via zero variation condition we obtain (up to some r-dependent additive constant) 

Sbos = d^zVhh^' (^{{d, - A,)ip^){d, - A,)^ + H{Y,^ \^\^ - r2) j . (5.41) 

Now it is easy to show that the field theory with the action (j5.4ip after a gauge fixing is equivalent 
on the classical level to the sigma model on with the action 

Sa-mod = \j^ dhVhh'' Gi-i^z, z))d,e{z, z)d,^Hz, z) , (5.42) 
where the Kahler metric G(^) is associated with the Fubini-Studi two form on P^ locally written as 



I 

UJ 



Indeed, eliminating gauge fields A by using zero variation condition we obtain 



Sho 



d^zVhh^' - A,{^))^^){d, - A,{^W + ^£ Iv^'f - j , (5.43) 



with 

Note that the action functional (|5.43p is still invariant with respect to Ui gauge symmetry 

Zero variation condition over H imposes the constraint 

^\^? = r'^- (5.44) 

i=i 
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The solutions of ()5.44p can be parameterized as follows: 

'V = — — ^1^7 — tt-tttttt::' j = 1,---,-k, mi 



Fixing the gauge freedom by taking = we recover the standard representation (j5.42p of 
sigma model. 

Appendix F: Intersection theory on via Hamiltonian reduction 

Let us given a manifold X supplied with an action of a Lie group G and an G-equivariant vector 
bundle E. Let s be a section E such that G acts freely on the zero locus s~^(0). There is a 
universal representation of integrals of closed differential forms over factor s~^(0)/G in terms of 
integrals over X (see e.g. [CMRj for detailed exposition and relations with quantum field theory 
constructions). Below we review a simple instance of this construction providing a description of 
integrals of (equivariantly) closed differential forms over P^. In this case X = C^+^, the bundle E 
is trivial and the group G is abelian group Ui. 

Let us supply complex vector space C^+^ with a symplectic structure 

a=^-^dip^ ^d^K (5.45) 
i=i 

The action of Ui 

is Hamiltonian i.e. there exists a momentum 

-1 



such that LyVt = dfj, where 



2 



^ V dip! ^ d& 
j=i 

generates the action of Ui on C^"*"^. Complex projective space P^ can be constructed via Hamiltonian 
reduction as a quotient of a hypersurface of the fixed level of the momentum /i over a free action 
of ;7i 

¥^ = H-^{^r'^)/Ui, r£R. (5.46) 

Thus constructed P^ is supplied with a canonical symplectic structure oj^e proportional to the 
Fubini-Study form. In terms of inhomogeneous coordinates Wj = ipj/ipi^i, (pe+i / it is given by 

tr^ (1 + ELi l^il^) Ei=i dwj A dwj - Y!i,j WiWjdwj A dwi 

The problem to write down the integral of closed differential forms over P^ in terms of integrals 
over C^"*"^ is naturally divided into two parts. First we shall write an integral over hypersurface in 
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a complex space in terms of an integral over the ambient space. Second, we shall write down an 
integral over a factor of a space over a free action of a Lie group in terms of an integral over a space 
before factorization. Let us first consider the problem of writing integral over hypersurface. Thus 
given a real valued function s{x) on let i : Z ^ be a zero locus subset of s (we consider the 
case when Z is compact). Let Rz be a de Rham current such that for a closed differential form lo 
on the following holds 

/ i*uj= I ujARz. (5.48) 

To write Rz explicitly let us fix coordinates (x^, . . . , x^) on M^. We identify algebra of differential 
forms ^*(M^) on with the algebra of functions Fun(R^I^) on the superspace R^l^ = HTR^ 
where 11 is a functor of the parity change of the fibers of vector bundles. Thus, we have associated 
coordinates (x^, . . . , ^ij)^ , . . . ip^) in R^l^ and de Rham differential is given by a vector field 

N „ 

Consider an extended space R^+^-^+i = R^l^ x M}^^ with the second factor understood as reversed- 
parity tangent bundle to the one-dimensional odd space M^l^. Let {H, ^) be coordinates in R^l^ and 
the de Rham differential on extended space is given by the vector field 

^8 B 

Now a one-parameter family of the differential forms Rz (t) is given by the following Berezin integral 
over the superspace M^'^ 

Rzit) = ^ [ d^dH exp(QiC{is{x)-lH))] , (5.50) 

satisfies the relation (fOSI) (see e.g. jCMRj ). 

To write down an integral of a closed differential form over a factor of a space Y over a free 
action of Lie group G = Ui in terms of an integral over Y we use G-equivariant cohomology of 
Y. Let us recall that for a free action of a compact Lie group G on y equivariant cohomology are 
isomorphic to the cohomology of the factor 

H*g{Y) = H*{Y/G). (5.51) 

Cartan model of C/i-equivariant de Rham complex on X is given by 

n*u^{Y) = {n*{Y)f^ ®C[al dG = d-i,(^„), aeul = {Ue{Ui)r, (5.52) 

where a is of degree two. Equivariant cohomology H^_^ (Y) is a module over the algebra H^_^ (pt) = 
H*{BUi) isomorphic to C[c7]. The algebra (pt) is generated by Chern class c""™ of a universal 
C/i-bundle EUi — t- BUi. Given a free action of Ui on Y one has a principle C/i-bundle V given by 
the projection vr : Y — )• Y/Ui. By definition of the universal bundle for a principle C/i -bundle V 
over Y/Ui there exist a map u : Y/Ui — )• BUi such that V is a pull back of the universal bundle 
over BUi. and ci = tt*(c""™) is a pull back of the first Chern class c"™" of the universal bundle 
EUi. The structure of {Y) ~ H*{Y/Ui) as (pt)-module is then defined by the condition 
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that c""™ acts on H*(Y/Ui) by a multiplication on ci. In terms of the algebraic model (j5.52p the 
image of the class c"""™ is represented by a. 

Now we would like to relate integration of cohomology classes in H*{Y/Ui) and (y). Equiv- 
ariant de Rham complex can be represented as a space of functions on a super-space lYTY x m 
with an odd vector field Q given in local coordinates {y^,tp^,a) by 

^8 r) 

To defined an integration over a f/i-factor we consider S'^-equivariant cohomology of the extended 
space y = y X M*^!^ where the last factor is understood as a reversed parity Lie algebra Ui. Then 
we have 

where the de Rham differential Qu^ acts as follows 

Let uj{y,ilj,a) be a representative of a cohomology class in H^_^{Y) and is a representative of 
the corresponding class in H*{Y/Ui) according to identification (I5.5ip . Then the following identity 
holds 

r ^^ir (5.53) 

Jy/g JnryxRxiRiii Vol(tyij 

where (A,//) are local coordinates on M^'^. The identity ()5.53p can be derived replacing uj{y,ip,a) 
by a representative of the same class in W^^iY) which does not contain a. Then integrating over 
A, rj and a in the right hand side of (j5.53p one obtains the left hand side of (j5.53p . 

Now we can apply (I5.48P and (15.53P to the obtained via Hamiltonian reduction of C^^"^. Let 
us introduce the following variables 

{^\^\x\x\'y), {^,H), (A, 7?) (5.54) 
and the action of the f/i-equivariant de Rham differential Qjj-^ is given by 

Qui^' = x\ QuiX' = -icr^\ QuiC = H, QuiH = 0, Qir^X = r], Q^^r] = Q. 
We take as a function s((^) on X = C^^^ the shifted momentum 

1 



s{ip) = n{ip) + ^r^. 



Then we have 



/ ^ = / ''^'r.^tvimf''' -i^^^^X,X,a) e^«-.(-«(-)x^-^^H), (5.55) 

A-i(o)/i/i ynTyxMxR2|2 (27r)^Vol(Ui) 

where Y = s~^(0), s~^(0))/f/i = according to (I5.46P and we take t = in (I5.48p . We consider 
the following cohomology class 

u = e""^ £ H*(F^), a£R, (5.56) 
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where ci is a first Chern class of the line bundle 0(1) on P^. As it was discussed above ci can 
be represented by a in Cartan model of equivariant cohomology. Thus we can chose uj = e"'^ as a 
representative of ()5.56p . Thus we have the following integral representation 

gaci ^ 1 f d?^(Pxdcyd\d^dridH 
(27r)2 ynTyxRxR2|2 Vol(Ui) 



j=l i=l i=l 



j=l i=l 

Define an action of C/^+i on C^^"*^ so that j-th factor in the diagonal subgroup U^^^ C ?7^+i acts as 
follows 

e ^ . ip > e ^ (fr . 

This action is Hamiltonian with respect to (j5.45|) and the corresponding momenta are given by 

The action of C/^+i descends to the Hamiltonian action on obtained by the Hamiltonian reduction 
()5.46p . Corresponding momenta are given in inhomogeneous coordinates Wj = tpj/ipi+i, (pi+i / 
by 

/^f = -Y -,^l?' I i = l----^> (5.58) 



r2 



t^i+i = - Y ^^^i I (5.59) 

Let c^^"""^ be a C/^+i-equivariant extension of the first Chern class ci of the line bundle 0(1) on P^. 
We would like to express the integral of exp(ac^*^^) over P^ in terms of an integral over larger space 
generalizing (I5.57P to C/f+i-equivariant setting. To simplify the presentation we use the standard 
properties of equivariant cohomology to replace the calculations in f/^+i -equivariant cohomology by 
equivalent calculations in equivariant cohomology with respect to a diagonal subgroup U'l'^^ C Ui+i 
with additionally imposed condition of an invariance with respect to the Weyl group W = S'^+i of 

In the following we need a C/^+i -equivariant version of ()5.57p which can be obtained straight- 
forwardly generalizing the previous constructions. Thus we just state the main identity in this 
case. Consider the same set of coordinates as in ()5.54p but with the following equivariant de Rham 
differential Q given by 

Qu,+y = x\ Qu,+,x' = + t^i)^\ Qu,+A = H, 

QUe+iH = 0, Que+i>^ = 'n, QUe+iV = 0, 

where (cri, . . . , cr^+i) are elements of the Lie algebra of C/f^^. The expression for the Uf^^^ equivariant 
version (I5.57P is given by 

^ V ^ J ~ inTyxMxM.. Vol(UO ^'"'"^ 
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/ / 1 ^+1 . . 1 ^+1 . . . . \ \ 



where 



e+i ^ £+1 \ ^ e+1 ^ ^ e+i 

j=l j=l I j=l j=l 

e+1 e+i e+i 

j=l j=l j=l 

Proposition 5.3 Let {ai, . . . , o"^+i) be an element of the Lie algebra ofU['^^ . The U[^^ -equivariant 
symplectic volume ()5.60p has the following integral representation 

/ exp(^.r) =(2.)'-/ , (5.61) 

where e > max{—aj), j = 1, . . . ,i + 1. 

Proof. Integrating over IL, A and a we obtain the following: 



(5.62) 



where 



exp{(— -r])Yl "f^^^ + + ^) X] ^^^^ 
i=i i=i 

^ / ^+1 ^+1 \ 

Here we use the following normalization of the integration measure: 

e.+i t+i 2 

d\d\ = n \d^d^' n -fi''^^'. 

It is useful to reintroduce the variable H by writing the first delta-function in (j5.62p in the integral 
form. Then integrating over odd variables dS, d-q and cPx ^-iid taking into account that Vol(?7i) = 27r 
we arrive at 

{en = ^ (^)7 dH I li'-d^^d^^e^4^ ,-hi:.K^H+^^.,W ^ (5_g3) 
For a finite-dimensional Gaussian integral we have 

/ e-^Y.7,,^l^iA^jZi Y[ -dz^ dz^ = -— , (5.64) 

J^N J-jL 2 det A/2tt ^ ' 
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where the matrix A has positive eigenvalues. More generally, the Gaussian integral (j5.64p for A 
having complex eigenvalues aj such that Re(aj) > 0, j = 1, . . . , is defined as a limit of the 
integral for A having complex eigenvalues aj such that Re(aj) > 0, j = 1, . . . , N expressed through 
(|5.64p . Now assuming Re{iH + ^o"j)>0, j = l,...,£ + l and taking integral over f we obtain 



2 



where e > max{—^aj), j = 1, ...,£ + 1. Taking a = ^ we finally obtain 



(e-n = (2^)^-^ / dHe— (5.66) 

where e > max{—aj), j = 1, . . . ,i -\- 1. This completes the proof of the proposition. □ 

Finally let us provide a reformulation of the integral representation of the integrals of the 
equivariantly closed forms over that does not include integrations over odd variables. 

Lemma 5.4 Let aj > 0, j = 1, . . . ,i + 1. The following identity holds: 

^1 <5f/i{/(i) + rV2) e^'^c^+i+^^-i-.M.) = /" gH^+E^S -.^f ) ^ (5.67) 

where uj^i is given by (j5.47p and the reduced Hamiltonians are given by (j5.58p and ()5.59p . 

Proof. This can be deduced from the previous considerations but allows simple direct derivation. 
Let us introduce new variables Wj = j = !,...,£ and t = 9 = -^In so that 

ife+i = Vie^^. Then we have 



27r V2 



A (fiuin A d?D„) 



Taking into account that 



A (c?^^r^ A dWn) 
n=l 



^! (i + ^K|2)^+^' 

we obtain the identity (|5.67p . □ 

Corollary 5.1 Let C^+^ = • •©C"'^, Yla=i dini(Va) = £+1 be a decomposition of the symplec- 

tic space vector space (C^"*"^, i7) where symplectic structure is given by ()5.45p and ((/9„j4....„^_-^+i, . . . , 
ipn-i+—na) '^'"s coordinates on C"". Let U['^^ act on C^^^ diagonally. The action is Hamiltonian 
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and let ^j, j = 1, . . . I + 1 be the momenta corresponding to the action of j-th factor {Ui)j. Let 
C C/{'+^ act on C^+^ so that the a-th {Ui)a acts non-trivially only on C"" by multiplication on 
complex numbers. Let Ui be diagonally embedded in . Let P(C^'*"^) be a Hamiltonian reduction 
of C^~^^ over Ui with momentum x and P(C"'") be a Hamiltonian reduction ofC^" over {Ui)a with 
the momentum Xa- Then the following relation between Uk-equivariant integrals holds 



I 



e 

+1) 



^ / dxi - ■ ■ dxk5{x - Xj) TT27r / 



„ni+... + na r(C"a ) 



j=l a=l 



where a;p(cna) is a standard Fubini-Studi symplectic form on P(C"°) multiplied by Xj and fj,j 
is a momentum for the action of (Ui)j. 

Proof. This identity straightforwardly follows from Lemma 15.41 and the following identity 

dxi ■ ■ • dxk ^inj + Xj)6{x — Xj) = IJ'k + x). 
j=i j=i j=i 

□ 
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